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We analyze the transport properties of a double quantum dot device in the side-coupled configu-
ration. A small quantum dot (QD), having a single relevant electronic level, is coupled to source and
drain electrodes. A larger QD, whose multilevel nature is considered, is tunnel-coupled to the small
QD. A Fermi liquid analysis shows that the low temperature conductance of the device is determined
by the total electronic occupation of the double QD. When the small dot is in the Kondo regime,
an even number of electrons in the large dot leads to a conductance that reaches the unitary limit,
while for an odd number of electrons a two stage Kondo effect is observed and the conductance is
strongly suppressed. The Kondo temperature of the second stage Kondo effect is strongly affected
by the multilevel structure of the large QD. For increasing level spacing, a crossover from a large
Kondo temperature regime to a small Kondo temperature regime is obtained when the level spacing
becomes of the order of the large Kondo temperature.
I. INTRODUCTION
Double quantum dots (DQDs) laterally defined in
semiconductor heterostructures are highly tunable elec-
tronic devices whose energy level spacings and charging
energies can be determined by setting the size and geome-
try of each dot, and their coupling be tuned using metallic
gates.1–6 The great tunability of the DQDs parameters,
as the interdot coupling, open the possibility of applica-
tions in both classical and quantum computing,7–11 and
allow a detailed analysis of the interplay between interfer-
ence and correlation phenomena.12–15 The properties of
these devices can be probed through transport measure-
ments using metallic electrodes. When one QD having an
odd number of electrons and a single relevant electronic
level is tunnel coupled to metallic source-drain electrodes,
the electric conductance increases below a characteristic
temperature TK which signals the buildup of Kondo cor-
relations. The Kondo effect is associated to the screen-
ing of the QDs magnetic moment by the Fermi sea of the
metallic electrodes. In the so-called side-coupled config-
uration (See Fig. 1), were only one of the QDs is cou-
pled to the electrodes, the interdot coupling can compete
with the Kondo effect leading to a rich variety of corre-
lated regimes. Namely, two-stage Kondo physics for a
small side-coupled QD having a single relevant electronic
level,13,15 and a two-channel Kondo effect for a large side-
coupled QD.12 A device with an intermediate size of the
side-coupled dot has been predicted to be a realization of
the Kondo box problem.16–25 The properties of this type
of devices have received considerable theoretical and ex-
perimental attention. However, most theoretical studies
have focused on simplified models considering a single
interacting level on each dot,13,14,26–29 a continuum of
levels of the side-coupled dot,30,31 or no interactions on
the large dot.32
Recent experimental results for a DQD device in the
side-coupled configuration,33 show a change in the level
structure of the DQD as a function of the interdot tun-
neling coupling. In a spectroscopic regime, where the
FIG. 1. (color online) Schematic representation of the double
quantum dot device in the side-coupled configuration. QD d
is coupled to left (L) and right (R) metallic electrodes. The
orbitals of QD D are coupled to QD d through a tunneling
barrier.
hybridization between the small QD and the leads is
smaller than the thermal energy, the Coulomb blockade
diamonds change their structure as a function of the in-
terdot tunneling coupling signaling a change in the un-
derlying electronic structure associated to the multilevel
nature of the QDs.
In this article we analyze the transport properties of a
DQD device in the side-coupled configuration. We con-
sider the multilevel nature of the side-coupled dot and
the intra- and inter-dot Coulomb interactions are prop-
erly taken into account. We obtain an exact relation be-
tween the zero-temperature conductance and the charge
in the DQD device (assuming energy independent lead-
dot couplings) which generalizes Friedel’s sum rule for
the double-dot device. We analyze the different strongly-
correlated-electron regimes that occur at finite temper-
atures using Wilson’s numerical renormalization group
(NRG) and characterize the electronic transport through
the device.
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2In the weak coupling regime (for temperatures higher
than the coupling to the leads) we use a perturbative ap-
proach, starting from the exact eigenstates for the system
of two dots isolated from the leads. In the strong coupling
regime, we also use a slave-boson mean-field approxima-
tion to help the interpretation of the NRG results. We
show that the usual even-odd asymmetry in the Coulomb
blockade valleys, due to the Kondo effect, can be com-
pletely altered in the large interdot hopping regime.
The effect of increasing the interdot hopping on the
conductance is very different for different occupations.
In the strong-coupling regime, we show that there is a
subtle competition between the level spacing in the large
quantum dot and the effective Kondo coupling between
both dots, leading to a crossover at a very small energy
scale related with a second-stage Kondo effect.
The rest of this article is organized as follows. In Sec.
II we describe the model and basic formulas for the trans-
port calculations. In Sec. III we present the conductance
and the DQD occupation in the regime of weak-coupling
between the electrodes and the DQD for the experimen-
tal parameters of Ref. [33]. In Sec. IV we present exact
results for the zero temperature conductance. In Sec. V
we present numerical results for the conductance in the
Kondo regime. In Sec.VI we calculate the conductance
and the magnetic susceptibility for a model with two and
three quasidegenerate levels in the side-coupled QD. We
also analyze an effective model in the slave-boson mean-
field approximation.
II. MODEL
The double quantum dot device is described by the
following Hamiltonian
H = HC +Ht +He +HV +Hel . (1)
Here HC describes the electrostatic interaction in the
constant interaction approximation34
HC =
∑
`=d,D
U`
2
(Nˆ` −N`)2
+ UdD(NˆD −ND)(Nˆd −Nd), (2)
where Nˆd =
∑
σ d
†
dσddσ is the occupation of the small
dot (QD d), NˆD =
∑
σ,α d
†
DασdDασ is the occupation of
the large dot (QD D), N` = Cg`Vg`/U`, Cg` is the ca-
pacitance of dot ` with its corresponding gate electrode,
U` is the charging energy and UdD is given by the QDs
mutual capacitance.2,4–6
Ht =
∑
σ,α
tαdD
(
d†dσdDασ + h.c
)
, (3)
describes the tunneling coupling between the different
orbitals on the side-coupled QD D and the smaller QD
d having a single relevant electronic level. To describe
the energy level splitting on QD D we include a single
electron energy term:
He =
∑
σ,α
˜Dαd
†
DασdDασ. (4)
Finally,
HV =
∑
ν=L,R
∑
k,σ
Vkν
[
c†νkσddσ + h.c.
]
, (5)
describes the coupling between QD d and the left (L)
and right (R) electrodes, which are modeled by two non-
interacting Fermi gases:
Hel =
∑
ν,k,σ
kc
†
νkσcνkσ. (6)
The conductance through the system is given by3,35,36
G =
e2
~
ΓRΓL
ΓR + ΓL
∑
σ
∫
d
[
−∂f()
∂
]
Adσ(). (7)
Here Ad() is the spectral density of the small QD and
we have assumed proportional (ΓL ∝ ΓR) and energy
independent dot-lead hybridization functions:
ΓL(R) = 2piρL(R)(EF)V
∗
L(R)(EF)VL(R)(EF). (8)
where EF = 0 is the Fermi energy of the electrodes,
ρL(R)() is the electronic density of states of the left
(right) electrode, and VL(R)() equals VkL(R) for  = k.
In the zero temperature limit: −∂f()∂ → δ(), and the
conductance is proportional to the spectral density at the
Fermi level
∑
σ Adσ(0). As we show in Sec. IV assuming
a Fermi liquid ground state, Adσ(0) can be written as a
function of the total electronic occupation of the DQD.
In the regime of weak lead-QD couplings or high tem-
peratures Γ = ΓL+ΓR  kBT , we can calculate the con-
ductance through the system, to lowest order in Γ/kBT ,
replacing in Eq. (7) the exact spectral density Adσ() of
the isolated DQD:
Adσ() =
1
Z
∑
i,j
(e−βEi + e−βEj )|〈Ψj |d†dσ|Ψi〉|2
× δ[− (Ej − Ei)], (9)
where |Ψi〉 and Ei are the exact eigenfunctions and
eigenenergies of the DQD, and Z =
∑
i e
−βEi is the par-
tition function. Replacing this in Eq. (7)
G =
e2
~
Γ
kBT
∑
i,j
(Pi + Pj)f(Ei − Ej)f(Ej − Ei)
×
∑
n
|〈Ψj |d†dσ|Ψi〉|2 (10)
where Pi = e
−βEi/Z.
3The spectral function of the DQD can be calculated
non-perturbatively as a function of the temperature using
Wilson’s Numerical Renormalization Group (NRG).37–39
This allows a calculation of the conductance in the full
range of temperatures with a high precision.
III. PERTURBATIVE RESULTS IN THE
WEAK-COUPLING REGIME
In this section we analyze the conductance through
the DQD in a regime of weak coupling to the electrodes
in which the thermal energy kBT is larger than the hy-
bridization energy Γ. In this regime, Γ can be treated
perturbatively and the electrodes serve as a spectroscopic
probe of the DQD in transport measurements. Conduc-
tance maps are generated sweeping the gate voltages of
each QD (parametrized here by Nd and ND) which mod-
ify the total charge on the DQD and the distribution of
charge between the QDs. For a DQD in the spectro-
scopic regime, a hexagonal structure is expected in the
conductance maps with conductance peaks occurring at
gate voltages such that there is a charge degeneracy on
the DQD which allows charge fluctuations between the
DQD and the leads.34 For the side-coupled configuration,
the conductance is only sensitive to charge fluctuations
on QD d which is connected to the electrodes. As it can
be inferred from Eq. (10), to obtain a large conductance,
at least two levels of the DQD differing in their charge by
one electron need to be quasidegenerate (|Ei−Ej | . kBT
so that the product of Fermi functions is not exponen-
tially suppressed). Furthermore, the electron must be
fluctuating thermally in and out of QD d (in order for
the matrix element |〈Ψj |d†dσ|Ψi〉|2 to be sizable).
In what follows we focus our analysis on a DQD model
having three levels on the side-coupled QD with level
energies ˜D1 = −δ, ˜D2 = 0, and ˜D3 = δ. This simplified
model presents, in the weak-coupling regime, many of the
features observed in systems having a larger number of
levels on the side-coupled QD (see Ref. [33]). To further
simplify the discussion of the results, we consider tαdD to
be level independent and drop the level index α.
We calculate conductance maps of the DQD in the
spectroscopic regime using Ec. (10). The Hamiltonian
of the isolated DQD is diagonalized to obtain its eigen-
vectors and eigenvalues for each value of Nd and ND. In
Figs. 2, 3, and 4 we present the results for a set of pa-
rameters obtained from the experiment of Baines et al.,33
and different values of the interdot tunnel coupling tdD.
In the regime of weak interdot coupling (tdD < δ), there
is little mixing of the states between QDs (except when
there is a degeneracy of the energy levels of the two QDs)
and the charge on each QD is generally well defined. Due
to the topology of the device, a peak in the conductance
is expected at the lines of charge degeneracy in QD d,
which is the one coupled to the electrodes. This is ob-
served on the left panel of Fig. 2 where segments of high
conductance are obtained at the charge degeneracy lines
FIG. 2. (color online) Left panel: Conductance map for a dou-
ble quantum dot device in the side-coupled configuration. The
interdot coupling is tdD = 0.01meV. Other parameters are
UD = 0.25meV, Ud = 0.7meV, UdD = 0.1meV, δ = 0.02meV,
and kBT = 0.01meV. Right panel: Total charge of an isolated
DQD for the same parameters and gate voltages as the con-
ductance map on the left panel. The lines indicate a change
by one electron in the charge of the ground state of isolated
DQD. The DQD is empty at the lower left corner of the figure
and is occupied with eight electrons at the upper right corner.
The approximate occupation of each QD is indicated between
parentheses as (〈Nˆd〉,〈NˆD〉).
of the DQD which coincide with those of QD d. As it can
be seen in the right panel of Fig. 2, these segments of
high conductance are associated to a change in the charge
of QD d. In this figure, the approximate occupation of
each QD at the different regions of the map is indicated
between parenthesis (〈Nˆd〉,〈NˆD〉). The charging of the
large dot is accompanied by much weaker peaks in the
conductance due to a small mixing between the states of
the two QDs.
For an intermediate interdot coupling (tdD ∼ δ, see
Fig. 3), the DQD states are in a molecular regime where
the charge on each dot is not well defined as all states
of the DQD involve a large orbital mixing between the
QDs. This is reflected on the conductance map that
presents maxima at the charge degeneracy points of the
DQD where the total charge in the DQD changes (as it is
indicated in the right panel of the figure). The QDs lose
their identity and behave as a single QD with an effective
charging energy and coupling to the leads.
For larger values of the interdot coupling tdD > δ the
system gradually enters a regime in which some of the
wave functions present a strong mixing between the QDs
and other are mostly localized on one of the QD.33 For
our simplified model with a single level on QD d and
three levels on the side-coupled QD, one energy level is
associated to a bonding state between the level on QD d
and a symmetric combination of levels on QD D, and an-
other level is associated to the corresponding antibonding
4FIG. 3. (color online) Left panel: Conductance map for
tdD = 0.04meV. Right panel: the lines indicate a charge de-
generacy on the isolated DQD, the charge in the DQD changes
by one at each line and increases from zero at the lower left
corner to eight at the upper right corner. Other parameters
are as in Fig. 2.
state. These states have approximately 1/2 of the weight
on each QD. The two remaining states of the DQD have
most of their weight on the side-coupled QD. This par-
ticular electronic structure of the DQD is reflected on the
conductance of the device as it can be observed in Fig.
4. The highest conductance peaks are obtained when
the bonding (ground state) and anti-bonding (highest
energy) states change their occupation and much lower
peaks are obtained when the two states mainly localized
on QD D get charged.
This peculiar structure of the wave functions in the
regime of strong interdot tunnel-coupling can be easily
understood in the non-interacting limit or the high ca-
pacitance limit where UD = Ud = UdD, see Ref. [33].
It appears in the general case considering more levels on
each QD. In the latter case, some states of the DQD
are strongly hybridized between the two QDs, being a
combination of several orbitals from each QD. The re-
maining states of the DQD are mostly localized on QD d
or in QD D. The value of the hopping tdD at which the
crossover takes place depends on the level spacing δ and
on the relative value of the intradot (Ud, UD) and inter-
dot (UdD) Coulomb interactions. For UD = Ud = UdD
the interaction energy given by Eq. (2) depends only on
the total number of electrons on the DQD and is inde-
pendent of the structure of the electronic wave-functions.
For UD, Ud > UdD, states strongly hybridized between
the two QDs have a larger interaction energy than those
having a well defined number of electrons on each QD.
In the next sections, we analyze the low temperature
conductance in the different tunnel coupling regimes. As
we will show in the next section, the conductance maps
in the zero temperature limit are only determined by the
total occupation N of the DQD and a parameter that
FIG. 4. (color online) Left panel: Conductance map for
tdD = 0.08meV. Right panel: the lines indicate the charge de-
generacy points of the DQD, the charge in the DQD changes
by one at each line and increases from zero at the lower left
corner to eight at the upper right corner. The approximate
occupation of each QD is indicated between parentheses on
different regions of the map. Other parameters are as in Fig.
2.
measures the asymmetry of the coupling of the small QD
to the left and right electrodes. This allows a direct es-
timation of the zero-temperature conductance from the
charging diagrams presented on the right panels of Figs.
2, 3, and 4.
IV. EXACT RESULTS AT ZERO
TEMPERATURE
Assuming that the ground state of the system is a
Fermi liquid, we show in Appendix A that the zero tem-
perature spectral density of QD d is given at the Fermi
energy by
Adσ(0) =
2
piΓ
sin2(piNσ), (11)
where
Nσ = − 1
pi
ImTr
∫ 0
−∞
Gσ(ω)dω, (12)
is the total charge per spin on the DQD and Gσ(ω) is the
local zero temperature Green’s function of the DQD (see
Appendix A). Replacing Eq. (11) in Eq. (7) we obtain
G(T = 0) = α˜
∑
σ
e2
h
sin2(piNσ), (13)
where α˜ = 4ΓLΓR(ΓL+ΓR)2 .
For a symmetric coupling of the small QD to the left
and right electrodes (ΓL = ΓR) we have α˜ = 1 and the
5zero temperature conductance reaches the quantum of
conductance when the number of electrons N in the DQD
is odd (N↑ = N↓ = N/2). Conversely, for an even number
of electrons in the DQD the conductance vanishes. This
important result indicates that the maximum amplitude
of the conductance is given only by the asymmetry of the
coupling to the left and right leads, and the remaining de-
pendence on the parameters, including charging energies,
level energies and tunnel couplings enters only through
the value of the occupation in the DQD. For fixed α˜, all
sets of parameters that lead to a given occupation in the
DQD will lead to the same value for the conductance at
zero temperature.
The conductance maps analyzed in the previous sec-
tion are expected to be completely modified in the zero
temperature limit. Irrespectively of the charge distribu-
tion inside the DQD, the conductance will be ∼ α˜2e2/h
in the valleys where the total number of electrons is an
odd integer and very small in those where the total num-
ber of electrons is even. In the Kondo regime, where the
hybridization Γ is smaller than the local interactions Ud
and UD, the occupation as a function of the gate voltages
is well approximated by the occupation of the isolated
DQD away from the charge degeneracy points. At the
charge degeneracy points, the total charge in the DQD
is N = k + 1/2, where k is an integer and the conduc-
tance at T = 0 is e2/h. Based on the calculation of the
total occupation of the DQD as presented in the right
panels of Figs. 2, 3, and 4, we expect the conductance
maps at T = 0 to consist of diagonal stripes of large
conductance (delimited by the charge degeneracy lines)
alternating with stripes of low conductance.
In the next section we show that the temperatures at
which the Fermi liquid behavior sets in and the above
equation is satisfied can, in some cases, be extremely low.
At intermediate temperatures, the conductance can be
very different to the value expected in the high temper-
ature and the low temperature regimes. Depending on
the value of the gate voltages (i.e. at different regions of
the conductance maps), the system can be in the spectro-
scopic regime or the low temperature regime for a given
set of parameters.
Equation (13) is valid for the interactions considered
in the Hamiltonian of Eq.(1). Its important to point out
that different interactions to the ones considered (e.g. a
Hund rule coupling in one of the QD) may change the
nature of the ground state and the value of the zero-
temperature conductance.40–51
V. NUMERICAL RESULTS
We now discuss the temperature dependence of the
conductance. We first review the main results for a
case with a single relevant level on each QD. This prob-
lem has been studied using a variety of techniques in-
cluding the Numerical Renormalization Group13,14 and
Functional Renormalization Group.52 We first consider a
symmetric situation where ΓL = ΓR = Γ/2, ˜Dα = 0,
Nd = ND = 1, and UdD = 0, so that the average
charge on each QD is 1. When both QDs are in the
Kondo regime (Ud, UD  piΓ, tdD) charge fluctuations
on each QD can be eliminated using a Schrieffer-Wolff
transformation53 and the low energy properties of the
system can be described using a Kondo Hamiltonian:
HK = JKSd · s0 + JdDSd · SD +Hel (14)
Here, S` with ` = d,D are spin operators associated to
the QDs, and s0 =
1
2
∑
s,s′ c
†
0sσs,s′c0s′ is the electron spin
density on the orbital coupled to QD d. The coupling
constants, to leading order in Ht and HV , are JdD =
8t2dD/(Ud + UD) and JK = 2Γ/Ud.
For a sufficiently weak interdot coupling JdD the sys-
tem presents a two-stage Kondo effect. As the tem-
perature is reduced, the spin 1/2 of the QD coupled
to the leads is Kondo screened at a temperature TK ∼
We−1/ρJK , where ρ is the lead’s local density of states at
the Fermi level and W is a high energy cutoff. The Kondo
effect on QD d generates a peak on its spectral density
of width ∼ kBTK , at the Fermi energy. This Kondo
peak can be associated to a renormalized Fermi liquid
of quasiparticles having a density of states ∼ 1/kBTK .54
Its emergence results in an increase of the conductance
through the device as the temperature is lowered.
For JdD < TK the spin at QD D is screened at a lower
temperature13
T ?K ∼ TKe−
piTK
JdD . (15)
We can interpret this expression as the Kondo screening
of the spin-1/2 in the side-coupled QD by the renormal-
ized quasiparticles associated to the Kondo effect in QD
d. While the first stage Kondo effect leads to an increase
in the conductance of the device, the second stage Kondo
effect suppresses the conductance in agreement with Eq.
(13). This suppression of the conductance can be un-
derstood as a Fano antiresonance, or interpreted as a
blocking effect in the conductance due to the formation
of a strong singlet between the spins on the two QDs at
low energies. For JdD > TK the spins in the QDs are
also locked in a singlet not only at low temperatures, but
already for temperatures T > TK . The conductance is
small for T < JdD and the Kondo screening does not
takes place. Shifting the gate voltage of QD d to mod-
ify its occupation to ∼ 0 or ∼ 2 results in a single stage
Kondo effect with an effective Kondo coupling that leads
to a high conductance regime at low temperatures.55
When the side-coupled QD in either empty or double oc-
cupied and QD d is in the Kondo regime, the transport
properties are dominated by the Kondo effect on QD d.
For sufficiently large tunnel coupling tdD the properties
of the system can be better understood considering bond-
ing and antibonding states formed between the two QDs
and including effective Coulomb interactions for the hy-
bridized levels and effective couplings to the leads.13
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FIG. 5. (color online) Conductance for different values of
the interdot coupling tdD = 0.01, 0.015, 0.02, 0.03, 0.04, 0.05,
and 0.09 meV. The other parameters are UD = 0.25meV,
Ud = 0.7meV, UdD = 0.1meV, δ = 0.02meV, and Γ =
0.2meV. a) Total occupation of tree electrons: Nd = 1 and
ND = 2. b) Total occupation of four electrons: Nd = 1 and
ND = 3.
As we show below, the main features observed in the
single level case for the temperature dependence of the
conductance, are also observed when multiple levels are
considered in the side-coupled QD. We calculate the con-
ductance through the system and the magnetic suscepti-
bility using the full density matrix numerical renormal-
ization group (FDM-NRG)56,57. In all calculations we
use a logarithmic discretization parameter Λ = 10 and
the z-trick58,59 averaging over four values of z = 0.25,
0.5, 0.75, and 1. We keep up to 5000 states and start the
truncation after 4 NRG iterations.
In Fig. 5 we present the conductance as a function
of the temperature for the multilevel system analyzed in
the previous section. On the top panel of Fig. 5 we
consider a situation with a single electron on QD d and
∼ 2 electrons on QD D. For small tdD . 0.02meV the
results are very similar to what is observed in a decou-
pled QD situation (tdD = 0): there is an increase in the
conductance associated to the Kondo screening of the
spin-1/2 on QD d. The conductance reaches the quan-
tum of conductance, as expected from the Fermi liquid
predictions. In this regime, the Kondo temperature is
only slightly reduced by the presence of the side-coupled
QD. As tdD is increased there is a decrease of the Kondo
temperature which sets the temperature scale at which
the Fermi liquid behavior is recovered. This reduction of
the Kondo temperature can be understood recalling the
analysis of the nature of the electronic wave functions in
the different interdot coupling regimes presented in Sec.
III. For tdD = 0 two electrons occupy the ground state
of QD D forming a singlet and there is a single electron
on QD d; a situation that remains essentially unaltered
for tdD  δ. For tdD & δ, however, it becomes ener-
getically favorable to have a sizable occupation in higher
energy levels of QD D in order to increase the hybridiza-
tion with QD d. In this regime, the wave-function weight
on QD d associated to the spin-1/2 is reduced and the
Kondo coupling between QD d and the electrodes is re-
duced accordingly, as it can be readily shown preforming
a Schrieffer-Wolff transformation. When tdD is increased
further, the level structure of the DQD changes (see also
Ref. [33]). Two electrons occupy the lowest lying state
of the DQD which is a bonding state between the orbital
on QD d and a linear combination of the orbitals on QD
D. The third electron is mainly localized in QD D which
leads to a strongly suppressed Kondo coupling and an
exponentially suppressed Kondo temperature. For the
highest values of tdD considered, the Kondo tempera-
tures reach values well below the experimentally accessi-
ble range (see top panel in Fig. 5).
On the bottom panel of Fig. 5 we consider a situation
with a single electron of QD d and 3 electrons on QD D.
In this case, the Fermi liquid theory predicts a vanishing
conductance at zero temperature. The ground state of
the isolated DQD has total spin equal to zero. As in the
case of a single level in QD D, if the singlet-triplet gap
of the DQD is smaller than the Kondo temperature for
QD d, a two stage Kondo effect occurs as the tempera-
ture is decreased. First the spin 1/2 on QD d is Kondo
screened by the electrons and holes of the electrodes and
the low energy excitations of the system can be described
by a local Fermi liquid of heavy quasiparticles in QD d.
A second stage Kondo effect is observed as the spin 1/2
on QD D is Kondo screened by the Kondo quasiparti-
cles on QD d. The Kondo screening of the side-coupled
QD leads to a decrease in the conductance below a char-
acteristic T ?K which depends strongly on the antiferro-
magnetic coupling between the QDs [see Eq. (15)]. This
behavior can be observed in the bottom panel of Fig.
5 where for the lowest values of tdD the conductance
presents a non-monotonous behavior. As the interdot
coupling is increased, the Kondo temperature of the sec-
ond stage Kondo effect increases exponentially. For large
enough values of tdD the antiferromagnetic coupling be-
tween the QDs exceeds TK , there is no Kondo effect and
the conductance decreases monotonously. While qualita-
tively the behavior of the conductance is the same as the
one observed for a single level on the side-coupled QD,
the value of the second stage Kondo temperature can be
strongly modified in the multilevel case. As we show in
the next section, it can have a strong dependence on the
level spacing δ on QD D.
The results of Fig. 5 describe qualitatively the behav-
ior of the conductance away from the charge degeneracy
lines in the valleys with an odd or an even number of
electrons in the DQD. The temperature scales for the
different regimes, however, can vary strongly from one
valley to the other. This is illustrated in Figs. 6 and 7
where the behavior of the conductance as a function of
the temperature and ND is presented for Nd = 1 and
Nd = 0.2, respectively. For Nd = 1, and a weak inter-
dot coupling tdD = 0.015meV, a clear even odd asym-
7FIG. 6. (color online) Conductance maps for Nd = 1 and
different values of tdD. Other parameters as in Fig. 5. An
even-odd asymmetry is observed in the low temperature con-
ductance.
metry can be observed in the low temperature conduc-
tance as the charge in QD D is modified by the gate volt-
age. A large (small) conductance is obtained for the val-
leys with an odd (even) total number of electrons in the
DQD. There is, however, an intermediate temperature
regime T ?K < T < TK where this even-odd asymmetry is
lost. The behavior of the conductance in this parameter
regime is qualitatively described by the Hamiltonian of
Eq. (14).
For tdD = 0.035meV the DQD is in a molecular regime,
and the two stage Kondo effect is not observed. The sys-
tem behaves as a single QD that presents the Kondo ef-
fect for an odd number of electrons on the DQD, and
no Kondo physics otherwise. In the Kondo regime a
Schrieffer-Wolff transformation can be performed to ob-
tain the Kondo coupling that is determined by the effec-
tive charging energy of the DQD and the magnetic mo-
ment of QD d in the ground-state wave function of the
isolated DQD. For larger values of tdD the Kondo tem-
perature for some of the valleys is strongly suppressed
as the orbital on QD d strongly hybridizes with a com-
bination of orbitals on QD D and the remaining wave
functions are mainly localized on QD D. The odd valley
with ND ∼ 0 is associated to the bonding state between
FIG. 7. (color online) Same as Fig. 6 for Nd = 0.2.
the QDs and has therefore a large Kondo temperature.
The valleys for ND = 2, 4, however, have the magnetic
moment mainly localized on QDD leading to a very small
Kondo temperature that for tdD = 0.1meV is well below
the temperature range numerically explored (excepting
values of ND very close to the charge degeneracy points).
The behavior of the conductance for Nd = 0.2 is pre-
sented in Fig. 7. In this case a large conductance is
expected at zero temperature for odd values of ND. For
low interdot coupling tdD = 0.015meV [see Fig. 7a)]the
Kondo temperature is, however, well below the range of
temperatures numerically explored. As tdD is increased
the Kondo temperature increases and becomes higher
than the minimum temperature considered close to the
charge degeneracy points [see Fig. 7 b)]. For larger val-
ues of tdD [see Figs. 7c) and d)] the Kondo temperature
for ND ∼ 1 is strongly enhanced as the interdot bonding
state is formed. In the valley with ND ' 3, the Kondo
temperature reaches a maximum in the molecular regime
tdD ∼ δ and becomes strongly suppressed for large tdD as
the magnetic moment in the DQD becomes increasingly
localized on QD D.
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FIG. 8. (color online) Conductance vs. total DQD occupation
for a three level side-coupled QD. NRG (solid dots) and the
analytic result (lines) of Eq. (13) . The gate voltage in the
QD d is set such that its average occupation is one, while
the gate voltage in QD D is varied to change its occupation
from zero to six electrons. Parameters are Nd = 1, UD/Γ =
Ud/Γ = 7.143, UdD = 0, tdD/Γ = 0.0693, δ/Γ = 0.001428,
and Γ = 0.07 in units of the half-bandwidth of the conduction
band of the electrodes.
VI. KONDO EFFECT IN MULTILEVEL
QUANTUM DOTS
In this section we analyze the effect of having several
electronic levels on QD D on the transport properties of
the device and on the Kondo correlations in the two-stage
Kondo regime. We consider a few levels on QD D and
calculate the conductance for the full range of values of
the level spacing δ. Since we consider a finite number of
levels, the limit of small level spacing δ → 0 describes fi-
nite size QD with a degenerate ground state. We analyze
a DQD system in a parameter regime which is different
to the one analyzed in the previous sections. We set
UD = Ud = U , UdD = 0, and tdD  Ud, UD. Now the
Coulomb interactions determine the charge distribution
in the DQD, in particular the bonding state obtained in
the tdD > δ regime is unfavored by the absence of inter-
dot Coulomb repulsion (UdD = 0). This can be easily
seen calculating the expectation value of the interaction
energy term [Eq. 2] for a DQD wave-function with a
single electron on each QD or the two electrons on the
bonding state.
We first analyze the validity of Eq. (13) for a sys-
tem having 3 quasidegenerate levels (δ  tdD) on the
side-coupled QD calculating the conductance using the
Numerical Renormalization Group. We checked that the
renormalization procedure had converged to the low en-
ergy fixed point to calculate the conductance and the
occupation. The results are presented in Fig. 8. The
gate voltage of QD d was kept fixed (Nd = 1) and the
occupation on QD D was swept from 0 to 6 by changing
it’s gate voltage. There is an excellent agreement with
the Fermi liquid predictions. The small discrepancy be-
tween the numerical and analytical results is due to a
small loss of spectral weight in the numerical solutions.
Identical results to those in Fig. 8 were obtained for a
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FIG. 9. (color online) Conductance for different values of the
occupation in the DQD. For an even occupation, the conduc-
tance is suppressed for T . T ?K where the second Kondo stage
sets in. Parameters are as in Fig. 8.
wide range of model parameters.
Figure 9 presents the conductance as a function of the
temperature for different values of the total DQD occu-
pation and the parameters of Fig. 8. For an odd num-
ber of electrons in the DQD, the occupation per spin is
Nσ = N/2 and Eq.(13) leads to an unitary conductance
at zero temperature G(T = 0) = 2e2/h. The observed
increase in the conductance when the temperature is low-
ered is associated to the buildup of Kondo correlations as
the spin in QD d is screened. The transport properties
are essentially unaltered by the presence of QD D when
it is charged by an even number of electrons. For an
even total number of electrons in the DQD the two stage
Kondo effect is obtained, as in the single level case, and
the zero-temperature conductance vanishes. The second-
stage Kondo temperature generally depends on the num-
ber of electrons on QD D, here is the same for total
occupation in the DQD of N and 8 − N electrons due
to the electron-hole symmetry for the set of parameters
considered.
We now consider the effect of the level spacing δ on
the second-stage Kondo temperature T ?K . When there is
a single electron on QD D, there are two limiting cases
that can be readily solved. For δ → ∞ there is a single
relevant level on QD D and the problem reduces to the
single level case. For δ = 0, we can perform a change of
basis on the degenerate ground state of QD D, such that
Ht couples the level on QD d to only one of the states
of the new basis. Namely, the symmetric combination of
the original orbitals on QD D.
Ht =
√
nDtdD
∑
σ
(
d†dσd˜Dσ + h.c.
)
(16)
where d˜Dσ =
∑
α dDασ/
√
nD, and nD is the degener-
acy of the ground state. The problem reduces again
to the single level case but with a larger hopping am-
plitude t˜dD =
√
nDtdD. Performing Schrieffer-Wolff
transformation to the single level problem we obtain
JdD(δ = 0) = nDJdD(δ → ∞), leading to a much
larger second-stage Kondo temperature in the δ = 0 case
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FIG. 10. (color online) Conductance (top panel) and effective
magnetic moment squared (bottom panel) as a function of the
temperature for different values of the energy level spacing
δ/T ?K(δ = 0) = 0, 0.004, 0.4, 3.6, 7.2, and δ → ∞ on QD D.
Other parameters as in Fig 8. Only for δ > T ?K(δ = 0) there
is a sizable change in T ?K .
[T ?K(δ = 0) T ?K(δ →∞)].
We therefore expect to obtain a crossover from a large
Kondo temperature to a small Kondo temperature as δ is
increased from zero. Performing a Schrieffer-Wolff trans-
formation in a system with two levels in QD D we have
for the Hamiltonian of the isolated DQD to leading order
in Ht and δ/U
HDd = J1Sd · SD1 + J2Sd · SD2 + δ
∑
σ
d†D2σdD2σ
+ J12
[∑
σ
d†D2σdD1σSd · SD1 + h.c.
]
(17)
with
J1 = 4
t2dD
U
J2 = J1
(
1 +
δ2
U2
)
(18)
J12 =
J1 + J2
2
where, SD` with ` = 1, 2 are spin operators associated to
the levels of QD D.
As we show below, the crossover from a large Kondo
temperature to a small Kondo temperature does not oc-
cur at δ ∼ J1, as it might be naively inferred from an
analysis of the isolated DQD, but at a much smaller en-
ergy scale δ ∼ T ?K(δ = 0).
In Fig. 10 we present the conductance and the mag-
netic moment squared µ2 of the DQD as a function of
the temperature for different values of the energy level
spacing in QD D. The parameters are the same as in
Fig. 9 and the number of electrons in the large dot is
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FIG. 11. (color online) Slave-boson mean-field theory results
for the level occupation and the Kondo temperature as a func-
tion of the energy level spacing δ in QD D. For δ larger than
TK(δ = 0) , it becomes energetically favorable to form the
Kondo correlations with the lowest lying energy level. This
reduces the exchange coupling with the electron bath and the
Kondo temperature.
odd (3). The system presents a two stage-Kondo effect
as it can be observed in the figure. The conductance in-
creases at temperatures below the first-stage Kondo tem-
perature TK which is essentially independent of δ. The
second stage-Kondo temperature T ?K decreases as δ is in-
creased but only when δ exceeds T ?K(δ = 0). Note that
for δ → ∞, the second stage Kondo temperature falls
below the minimum temperature numerically explored.
The behavior of µ2 as a function of the temperature
shows a contribution of the three electrons on QD D
and suggests that a single electron in an effective or-
bital couples antiferromagnetically to QD d and is Kondo
screened60 while the remaining two electrons are doubly
occupied and effectively decoupled from the rest of the
system. For T  δ these electrons levels contribute with
µ2D2 = 1/3 to the magnetic moment squared of the DQD
and with zero for T  δ presenting a fast crossover be-
tween these two regimes as a function of the temperature
in contrast to the slow Kondo screening.
As it was mentioned in the previous section, in the
second-stage Kondo regime, one can consider that the
magnetic moment on QD D couples to a renormal-
ized Fermi liquid of quasiparticles formed by the Kondo
screening of the magnetic moment of QD d. In the next
section we assume that the first-stage Kondo effect is well
developed and explore the crossover of T ?K as a function
of δ using a slave-boson theory in the saddle point ap-
proximation.
A. Slave-boson mean-field theory
Our starting point is the Hamiltonian of Eq. (17) for
a system with two levels on QD D and a single electron
on each QD. We assume that the first stage Kondo effect
is well developed an take the local density of states on
QD d as that of a non-interacting band with a density of
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states ρeff ∼ 1/pikBTK and a bandwidth pikBTK .
For simplicity we consider δ  U and take J1 = J2 =
J12 = J . The resulting Hamiltonian is:
Hml = J
[
SD · s′0 +
∑
σ
d†D2σdD1σSD1 · s′0
]
(19)
+ δd†D2σdD2σ +H
′
el, (20)
where SD = SD1 + SD2 and s
′
0 =
1
2
∑
s,s′ f
†
0sσs,s′f0s′
is the electron spin density of the quasi-particles of the
Fermi liquid where f†0s (f0s) creates (destroys) a quasi-
particle on QD d, and
H ′el =
∑
ν,k,σ
′kf
†
νkσfνkσ. (21)
The biquadratic interactions between the pseud-
ofermions generated by the spin-spin interactions are de-
coupled, introducing two Bose fields Bi (conjugate to
the amplitude
∑
σ d
†
Diσf0σ with i = 1, 2) and the con-
straint on the occupation of QD D is enforced introduc-
ing the Lagrange multiplier λ. The free energy expressed
in terms of the Bose fields has a saddle point at which
the latter condense, 〈Bi〉 = 〈B†i 〉 = bi = 〈f0σd†Diσ〉. At
the saddle point the effective Hamiltonian is
H˜ = J˜
∑
σ,α
(
d†Dασf0σ + h.c
)
+ δd†D2σdD2σ (22)
+
∑
σ,α
λ(d†DασdDασ − 1) +H ′el,
where J˜ = J (b1 + b2). Using the equations of motion of
the operators dDiσ we obtain:
b1 = − 1
pi
∫ TK
−TK
dωf(ω)Im
[
G˜01σ
]
, (23)
b2 = − 1
pi
∫ TK
−TK
dωf(ω)Im
[
G˜02σ
]
, (24)
Ni = − 2
pi
∑
σ
∫ ∞
−∞
dωf(ω)Im
[
G˜iiσ
]
, (25)
where Ni =
∑
σ〈d†DασdDασ〉 is occupancy of the different
levels on QD D, G˜iiσ and G˜0iσ are the Green’s function
at the i-th level of QD D and the correlator of the quasi-
particles with each level of QD D respectively. These are
given by
G˜σ =
 ipiρeff J˜ J˜J˜ ω − λ 0
J˜ 0 ω − δ − λ

−1
. (26)
The integrals in Eq. (23), Eq. (24), and Eq. (25)
can be solved analytically at T = 0. The resulting
equations were solved numerically for the level occupa-
tions in QD D and the Kondo temperature T ?k = ∆˜ =
piρeffJ˜
2. The results are presented in Fig. 11. We ob-
serve a slow crossover from a large Kondo temperature
T ?K(δ = 0) =
TK
2 e
−piTK2J to a small Kondo temperature
T ?K(δ → ∞) = TK2 e−
piTK
J . The slow crossover sets in for
δ & T ?K(δ = 0) where the level occupations N1 and N2
begin to differentiate. For large δ  T ?K(δ = 0) only the
lowest lying level is occupied.
If we associate an energy gain ∼ T ?K to the formation of
the Kondo effect, for small δ it is energetically favorable
to occupy partially the highest energy level on QD D
forming a symmetric combination of the two levels in
QD D in order to increase the hybridization with QD d
and the Kondo temperature. The energy in this case is
∼ −T ?K(δ = 0) + δ/2. For δ > 2T ?K(δ = 0) it is however
energetically favorable to empty the highest energy level
(N2 → 0) at the expense of having lower energy gain
due to the Kondo effect ∼ −T ?K(δ → ∞). We therefore
expect a crossover to occur between the two regimes for
δ ∼ T ?K(δ = 0).
VII. CONCLUSIONS
We analyzed the electronic transport through a DQD
device in the side-coupled configuration. A small quan-
tum dot having a single relevant electronic level is tunnel-
coupled to source and drain electrodes, a larger QD is
coupled to the small QD but not directly to the elec-
trodes (side-coupled QD). We considered multiple levels
on the side-coupled QD and Coulomb interactions be-
tween electrons in the DQD. Assuming a Fermi liquid
ground state, we obtained an exact relation between the
zero-temperature conductance and the electronic occu-
pation of the DQD. Additional interaction terms in the
system Hamiltonian, as a Hund’s rule coupling,40–51 may
lead to non-Fermi liquid ground states and to a modified
zero-temperature conductance formula.42
We explored numerically the conductance through the
system for model parameters appropriate to describe two
experimentally relevant situations: i) a system with a
large level spacing on the side-coupled QD and ii) a sys-
tem with up to three quasidegenerate levels in the side-
coupled QD. In the latter case we considered that the
quasidegenerate levels were the only relevant for the elec-
tronic transport, as it is expected if the remaining levels
in the side-coupled QD have a much larger energy. In
the former case, which describes the parameter regime of
Ref. [33], only a few levels in the side-coupled QD need
to be considered to obtain a qualitative description in the
weak electrodes-QD coupling regime.
We analyzed the low-temperature conductance and
the Kondo correlations for the interdot tunnel-coupling
crossover observed in Ref. [33]. Depending on the parity
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of the number of electrons in the DQD the system may
present a two-stage Kondo effect, a single stage Kondo
effect or no Kondo effect. We confirmed the predictions
of the Fermi liquid theory for T → 0 and found that the
temperature at which the Fermi liquid behavior is recov-
ered can be extremely small depending on the model pa-
rameters, in particular the tunnel-coupling between the
QDs and the gate-voltage on each QD. This leads to con-
ductance maps with an unusual structure at finite tem-
peratures, in the strong interdot coupling regime.
We analyzed the effect of the multilevel nature of the
side-coupled QD on the two-stage Kondo effect regime
where two Kondo screenings take place in succession as
the temperature is lowered. The Kondo temperature of
the second stage screening depends strongly on the level
spacing of the side coupled QD and the tunnel coupling
between the QDs. We considered a system with quaside-
generate levels on the side-coupled QD and constructed
an effective model to describe the second stage Kondo
effect. We analyzed the resulting model using the slave-
boson mean-field approximation. In agreement with the
numerical results, we obtained a crossover from a large
Kondo temperature for degenerate levels in the side-
coupled QD to a small Kondo temperature when the level
spacing in the side-coupled QD is of the order of the large
Kondo temperature. In the two stage Kondo regime,
the magnetic moment on the side-coupled QD couples
to a single electronic channel described by a Fermi liq-
uid of heavy quasiparticles. This multilevel Kondo ef-
fect occurs in the presence of a single electronic channel
of electrons60 instead of multiple channels as would be
generally expected for a single multilevel QD coupled to
metallic electrodes.
Our results generalize those of Ref. [13] to the multi-
level case. The numerical analysis is however restricted
to situations where a few electronic levels are relevant in
the side-coupled QD. If is of interest to explore the regime
where there are many quasidegenerate levels on the side-
coupled QD such that Kondo correlations may develop
between the two QDs at a temperature larger or of the
order of the Kondo temperature of the small QD with the
electrodes. In this regime the system may present, at in-
termediate temperatures, two-channel Kondo physics,12
or Kondo box physics if the level spacing on the side-
coupled QD is of the order of the energy scale for the
Kondo correlations.16–25
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Appendix A: Friedel’s sum rule
In this appendix, we generalize Friedel’s sum rule to
our system. We consider the side-coupled QD with a sin-
gle level in a small QD and an arbitrary number of levels
in the large quantum dot. For simplicity, we assume that
the couplings of the small dot to the leads ΓL, ΓR do not
depend on the energy. This usual assumption is justi-
fied by the fact that the electronic structure of the leads
varies in energy scales much larger than both Γν .
The local Green’s function of the DQD is given by:
G−1σ (ω) = G
−1
0σ (ω)−Σσ(ω) (A1)
where all the effects of the interactions are included in the
self-energy Σσ(ω) The non-interacting Green’s function
G−10σ (ω) is given by:
G−10σ (ω) =

ω − d + iΓ/2 t1 t2 · · · tN
t1 ω − 1 0 · · · 0
t2 0 ω − 2
...
...
...
. . . 0
tN 0 · · · 0 ω − N

(A2)
where d and the i are the single electron energies asso-
ciated to the levels in QD d and QD D, respectively, and
include contributions from Eqs. (2) and (4).
The total charge per spin in the DQD is given at T = 0
by:
Nσ = − 1
pi
ImTr
∫ 0
−∞
Gσ(ω)dω (A3)
an expression that can be rewritten in the form
Nσ = − 1pi Im
∫ 0
−∞ dω
∂
∂ωTr ln G
−1(ω)
− 1pi Im
∫ 0
−∞ dω Tr
[
G(ω) ∂∂ωΣ(ω)
]
, (A4)
using the equality
TrG(ω) =
∂
∂ω
Tr ln G−1(ω) + Tr
[
G(ω)
∂
∂ω
Σ(ω)
]
,
(A5)
The second integral on the right-hand side of Eq. (A4)
vanishes order by order in perturbation theory in the
local Coulomb interactions61 which leads to
Nσ =
1
pi
[ϕ(−∞)− ϕ(0)] , (A6)
where
ϕ(ω) = Tr ln
[
G−1(ω)
]
= ln det
[
G−1(ω)
]
. (A7)
As Σ(ω) limω→0 → cte, the real part of det
[
G−1(x)
]
diverges as ωN+1 while the imaginary part diverges as
ωN resulting in
lim
ω→∞ Im ln det
[
G−1(ω)
]
= c× pi (A8)
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where c is an integer. Assuming a Fermi liquid ground
state, we have Im [Σ(0)] = 0 and we obtain
G−1σ (0) =

−˜d + iΓ/2 t˜d1 t˜d2 · · · t˜dN
t˜1d −˜1 t˜12 · · · t˜1N
t˜2d t˜12 −˜2
...
...
...
. . . t˜(N−1)N
t˜Nd t˜1N · · · t˜(N−1)N −˜N

(A9)
Nσ = − 1
pi
arctan
{
Im det
[
G−1σ (0)
]
Re det
[
G−1σ (0)
]}+ c (A10)
Using the Laplacian expansion for the determinant and
that the coefficients {t˜ij} and {˜i} are real we readily find
tan2(piNσ) =
{
ΓD1/2
Re det
[
G−1σ (0)
]}2 . (A11)
where D1 is the determinant of the submatrix of G
−1
ddσ(0)
obtained suppressing the first row and the first column.
The zero temperature conductance per spin through
the system is given by:
Gσ =
e2
~
ΓRΓL
ΓR + ΓL
Adσ(0) (A12)
where
Adσ(0) = − 1
pi
Im [Gddσ(0)] . (A13)
Using Cramer’s rule for the inverse and Eq. (A9) we get
Gddσ(0) =
D1
iΓD1/2 + Re det
[
G−1σ (0)
] (A14)
and using Eq. (A11) we get
Adσ(0) =
2
piΓ
sin2(piNσ) (A15)
and finally
Gσ = α˜
e2
h
sin2(piNσ), (A16)
where α˜ = 4ΓLΓR(ΓL+ΓR)2 .
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